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Nanocavity lasers are commonly characterized by the spontaneous coupling coefficient β that
represents the fraction of photons emitted into the lasing mode. While β is conventionally discussed
in relation to class-B lasers where both the photon and population dynamics are important, little is
known about β in class-A lasers where the photon lifetime is much longer than the other lifetimes,
and only the photon degree of freedom exists. We investigate the lasing properties of low- and high-β
lasers in the class-A limit based on the Scully-Lamb type master equation. We demonstrate that,
with class-A lasers, the pump power dependence of the photon statistics are uniquely characterized
by β and that the phase transition-like behavior completely disappears from the photon statistics
as β approaches unity. We argue that β is associated with the “small system size”. Finally, we
investigate the laser-phase transition analogy in the framework of a second-order open dissipative
phase transition with a continuous phase symmetry.
PACS numbers: 78.20.Ls, 42.65.-k, 76.50.+g
I. INTRODUCTION
Nanocavity lasers in a cavity-QED regime are com-
monly characterized by the spontaneous emission cou-
pling coefficient β, which represents the fraction of pho-
tons spontaneously emitted into a lasing mode. Recent
technological progress has pushed β close to unity [1–6],
where the pump-input and light-output curve is almost
linear. Furthermore, the impact of β on photon statisti-
cal properties is drawing considerable theoretical atten-
tions [7–14]. However, since there are various parameter
regimes in lasers, it is difficult to extract the pure effect
of β on photon statistics. For example, there are ac-
tive debates on whether or not high-β lasers are helpful
for a Pisssonian light emission with small pump power
[3, 12, 14]. In this paper, we investigate β in the simplest
limit where only the photon degree of freedom exists,
which is called class-A regime. This limit is a rather ideal
limit, but important to clarify the impact of β on photon
statistics. The coefficient β is commonly used for class-
B lasers, where the photon lifetime is comparable to or
smaller than the population inversion (carrier) lifetime,
and thus, the dynamics are described by two degrees of
freedom, namely photon and population inversion (car-
rier). On the other hand, β is rarely discussed in relation
to class-A lasers. Although a few pioneering papers have
discussed β in class-A lasers [1, 15], several fundamen-
tal questions remain. How is β defined in class-A lasers?
How does β affect the delay-dependent second-order cor-
relation g(2)(τ) and laser linewidth? To answer these
questions, we employ a simple but very rich model: the
Scully-Lamb type master equation.
First, we study the class-A limit of conventional class-
B rate equations and obtain a class-A rate equation,
which leads to the Scully-Lamb type birth-death master
equation. With this approach, we establish a connection
between class-A and -B lasers and clarify the meaning
of β in class-A lasers. Using the master equation, we
find that the spontaneous emission coupling coefficient
β uniquely characterizes both static and dynamic pho-
ton statistics. Furthermore, we find that the relation
between β and the effective ”system size” [8] becomes
more evident in the class-A limit than in class-B lasers.
For instance, thresholdless lasers with β = 1 do not ex-
hibit any phase transition-like signature in terms of pho-
ton statistics, which is understood as a breakdown of the
phase transition in a “small system”. Second, we study
laser linewidth based on the original Scully-Lamb mas-
ter equation [16], which includes the off-diagonal part of
the density matrix. In contrast to the case with photon
statistics, linewidth narrowing will occur even for thresh-
oldless class-A lasers with β = 1. Finally, we discuss
the Liouvillian gap of the Scully-Lamb master equation.
The Liouvillian gap is defined as a nonzero eigenvalue
of a Liouvillian closest to zero and plays a key role in
open dissipative quantum phase transitions. When an
open dissipative phase transition occurs, the Liouvillian
gap is expected to close. Our finding is that the Liou-
villian gap of the Scully-Lamb master equation corre-
sponds to the linewidth. Furthermore, we argue that it
may be possible to understand the Liouvillian gap of the
Scully-Lamb master equation in the framework of the
dissipative second-order phase transition with symmetry
recently studied in [17]. In our case, the Scully-Lamb
master equation has a continuous phase symmetry.
The outline of this paper is as follows. In Sec. II, we
derive a class-A rate equation from conventional class-B
rate equations. In Sec. III, we introduce a birth-death
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2master equation for class-A lasers and investigate photon
statistics both analytically and numerically. In Sec. IV,
we discuss the linewidth of class-A high-β lasers based
on the original Scully-Lamb master equation. The laser-
phase transition analogy is discussed in Sec. V. Section
VI provides our conclusions.
II. RATE EQUATION
A. Classification of lasers
Laser systems where atoms (carriers) are interacting
with photons confined in a cavity are typically character-
ized by the light-matter interaction strength g, dephasing
rate γ⊥, population decay rate γ‖, and photon decay rate
from the cavity γc. Arrechi proposed the following clas-
sification of lasers based on the time scales of the three
different decay rates [18, 19]: γ⊥, γ‖, and γc.
(i) class-A (γ⊥, γ‖  γc): The atom (carrier) degree
of freedom is adiabatically eliminated and the dynamics
is governed only by the photon degree of freedom. In
this paper, we consider this limit. Gas and dye lasers are
usually classified to this category.
(ii) class-B lasers (γ⊥  γc & γ‖): In this case, only
the polarization degree of freedom is adiabatically elim-
inated and the dynamics are described with the pho-
ton and the atom (carrier) population. The simplest
model for the class-B laser is the Statz-deMars type rate
equations. Since the spontaneous coupling coefficient β
is usually defined in this framework, we start from the
Statz-deMars type rate equations and consider the class-
A limit. Most semiconductor and solid-state lasers are
class-B lasers.
(iii) Class-C (γ⊥ ' γ‖ ' γc): When all the three time
scales are comparable, we need to consider all degrees of
freedom: polarization, population, and photon. Chaotic
behavior is expected in class-C lasers. However, in this
paper, we do not consider this regime because we assume,
at least, the strong dephasing case.
B. Rate equations
We start from the Statz-deMars type rate equations
conventionally employed for semiconductor lasers. Al-
though the rate equations are very simple and elemen-
tary, we begin with this model because the spontaneous
emission coupling effect β is well defined only in the
framework of the Statz-deMars rate equations [3, 7–14].
We consider an ideal four-level laser as illustrated in Fig.
1 [9, 20]. Only the transition between the a and b levels is
coupled to the cavity. We refer to levels a and b as upper
and lower levels, respectively. Here, we assume that the
depletion rate of the lower level population γB is very
large, thus, the population of the lower level is negligi-
ble and the population inversion N is approximately the
same as the upper level population. Moreover, since the
decay rate γE is also assumed to be sufficiently large, the
population pumped at level e is immediately transferred
to the upper level a. With this assumption, the time
evolutions of the photons n and the population inversion
N may follow the conventional Statz-deMars type rate
equations [3, 7–9]:
n˙ = −γcn+ βγ‖N(n+ 1) (1)
N˙ = −γ‖N − βγ‖Nn+ P , (2)
where P is the pumping rate and γc and γ‖ represent
the photon and population inversion decay rate, respec-
tively. The coefficient β is called the spontaneous emis-
sion coupling coefficient. These rate equations are fre-
quently used for describing the dynamics of semiconduc-
tor lasers. It is important to note that the population
inversion decay rate γ‖ and the spontaneous coupling co-
efficient β are given by [8, 12]
γ‖ ≡ γA + 4g2/γ⊥ (3)
and
β ≡ 4g
2
γ‖γ⊥
=
4g2/γ⊥
γA + 4g2/γ⊥
, (4)
where γA represents the decay rates of the upper level
a, while γ⊥ is the dephasing rate of the dipole between
the a and b states. The dipole-photon coupling strengh
is represented by g. Here, for simplicity, we assume zero
detuning between the cavity resonance and the dipole.
The rate equations, Eq. (1) and (2), are derived from
the Maxwell-Bloch equations by adiabatically eliminat-
ing the polarization degree of freedom, which is based on
the fast dephasing rate: γ⊥  γc, γA. Another impor-
tant point is that the spontaneous emission effect is phe-
nomenologically included in the rate equations, which is
achieved by replacing Nn with N(n+1) in the derivation.
Lasers that satisfy the condition γc & γ‖ are referred to
as class-B lasers. Whereas, when γ‖  γc, lasers are
called class-A lasers [18, 19].
From Eq. (4), the spontaneous emission coupling coef-
ficient β is viewed as a fraction of the carrier decay into
the lasing mode. Equation (4) also indicates that β = 1
is achieved when γA = 0, where all the carriers decay
into the lasing modes. Furthermore, the population in-
version decay rate γ‖ (See Eq. (3)) is enhanced by the
dipole-photon coupling g [12]. Actually, the enhancement
factor 4g2/γ⊥ is the large dephasing limit (γ⊥  κ) of
the generalized Purcell enhancement factor: 4g2/(κ+γ⊥)
[21, 22]. It is known that when the dephasing rate γ⊥ is
very large, the Purcell enhancement does not depend on
the cavity decay rate (Q-factor) [23]. We also note that
even when γA = 0 (β = 1), the population inversion
decays only with this Purcell effect.
3a
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FIG. 1. (color online). Schematic of the rate equations Eq.
(1) and (2), which are an ensemble of four-level atoms inside
a cavity. The transition between a and b is coupled to pho-
tons in the cavity with a coupling strength g. P represents
pumping rate. The decay rate of levels e and b are very large,
thus the population of level b is immediately depleted and
repumped to level a.
C. class-A rate equation
Let us consider the class-A limit where the photon life-
time is much longer than the carrier lifetime: γ‖  γc. In
this limit, the adiabatic elimination of the carrier popu-
lation reduces the two rate equations to a single equation
of photons. Setting N˙ = 0 in Eq. (2), the carrier number
adiabatically follows the photon number as
N =
P/γ‖
βn+ 1
. (5)
Substituting Eq. (5) into Eq. (1), we obtain a photon
rate equation
n˙ = −γcn+ β(n+ 1)
βn+ 1
P, (6)
This photon rate equation is very similar to the semi-
classical rate equation derived by Lamb [24, 25] but in-
cludes the spontaneous emission effect, which is repre-
sented by the n+ 1 term in the numerator of the second
term on the right-hand side (RHS) of Eq. (6). Thus, a
photon buildup can occur even without a photon in the
initial state.
D. Lasing threshold
From the rate equation, Eq. (6), the steady state pho-
ton number n¯ is simply obtained as
n¯ =
1
2β
[
−(1− βP˜ ) +
√
(1− βP˜ )2 + 4β2P˜
]
, (7)
where P˜ is the pump power normalized by the photon
decay rate:
P˜ =
P
γc
. (8)
Equation (7) represents the pump-input and light-output
curve and indicates that the curve has a kink at P = Pth,
where the kink threshold Pth is defined as
Pth =
γc
β
, (9)
at which pump power the number of photons inside the
cavity becomes β−1/2. When β = 1, the pump-input and
light-output curve (Eq. (7)) becomes linear as n¯ = P/γc
and a laser with β = 1 is called “thresholdless”. Since
we are neglecting the lower level population, the kink
threshold Pth coincides with the widely used definition
of lasing threshold, namely the pump power at which
the gain becomes equal to the cavity loss. Furthermore,
the shape of the pump-input and light-output curves is
completely determined by β.
E. Conditions for high-β class-A lasers
Before introducing the master equation, we discuss the
requirements for realizing class-A lasers that can be ex-
pressed with the class-A rate equation, Eq. (6). In par-
ticular, whether or not high-β and class-A conditions can
be satisfied simultaneously is not trivial. First, the adi-
abatic elimination of the polarization degree of freedom
from the Maxwell-Bloch equations requires
γ⊥  γA and γ⊥  γc, (10)
which is necessary for obtaining the rate equations, Eq.
(1) and (2). Second, the photon lifetime must be much
longer than the population lifetime
γ‖  γc (class-A limit). (11)
Finally, since lasers are operating in the weak-coupling
regime, we impose a weak-coupling condition by assum-
ing that the dephasing rate is larger than the coupling
between the polarization and photons
γ⊥ > g (weak coupling). (12)
Now, let us recall that the decay rate γ‖ is enhanced by
the Purcell effect indicated as Eq. (3). For β = 1, thus
γA = 0, the carrier decay rate is given by
γ‖ =
4g2
γ⊥
. (13)
Combining Eq. (10)-(13), the thresholdless class-A lasers
(β = 1) must satisfy the condition
γ2⊥ > g
2  γcγ⊥ for β = 1. (14)
With this condition, we can realize high-β class-A lasers.
For a β smaller than unity (β < 1), we need to consider a
finite γA. When β  1, the Purcell enhancement of the
4FIG. 2. (color online). Probability flow diagram of the master
equation of class-A lasers Eq. (16).
carrier decay rate is negligible and γ‖ ' γA holds. Thus,
the conditions Eq. (10)-(13) will be summarized as
γ⊥  γA  γc and γAγ⊥  g2 for β  1. (15)
Therefore, for each β, we need to choose an adequate set
of parameters γ⊥, γA, and g. However, since these pa-
rameters are absorbed in β and γ‖, they do not explicitly
appear in the following discussion. In Appendix, using
numerical simulations, we show that the class-A condi-
tion Eq. (11) may be dramatically relaxed as γ‖ & 10γc.
Additionally, in realistic lasers, the lower level pop-
ulation is not negligible. The effect of the lower level
population is conventionally represented by replacing the
stimulated emission term Nn with (N −N0)n in the rate
equations, Eq. (1) and (2) [26]. In semiconductor lasers,
the number N0 is referred to as a carrier transparency
number. To achieve high-β class-A lasers, an additional
condition βN0  1 is required because a finite N0 works
as a photon absorption and effectively reduces the cavity
photon lifetime. We note that this condition regarding
the carrier transparency number is practically very im-
portant because we cannot neglect N0 in semiconductor
lasers and this is addressed in [26]. In Appendix, we dis-
cuss the class-A condition and the impact of N0. In fact,
to realize N0 ' 0 may be more difficult than the class-
A condition because γ‖ & 10γc is enough for the class-
A regime, while four-level atoms with controlled decay
rates are required for N0 ' 0. We note that the gain
materials of He-Ne and Nd:YVO4 lasers might be well
approximated with N0 ' 0 [9].
In summary, high-β class-A lasers with N0 ' 0 are
rather ideal cases and, in this paper, we study this regime
with purely theoretical interests. However, we show that
the role of β becomes the most important in this regime.
III. PHOTON STATISTICS
A. Birth-death master equation and photon
statistics
Now, we attempt to build a master equation based on
the rate equation, Eq. (6). Since the first and the second
terms on the RHS of Eq. (6) represent the photon anni-
hilation and creation processes, respectively, the master
equation may read
p˙n = −γcnpn + γc(n+ 1)pn+1
−β(n+ 1)P
βn+ 1
pn +
βnP
β(n− 1) + 1pn−1, (16)
where pn is the probability of finding n photons inside the
cavity. The probability pn is equivalent to the diagonal
parts of the density matrix of the photons: pn = ρn,n.
Here, the density matrix ρn,n′ is the expansion coefficient
of the density operator of the system expressed as
ρˆ(t) =
∑
n,n′
ρn,n′(t)|n〉〈n′|. (17)
The master equation, Eq. (16), has the same form as the
diagonal parts of the Scully-Lamb master equation de-
scribed in Section. V. Importantly, Eq. (16) reproduces
the pump-input and light-output curve predicted by the
conventional rate equations, Eq. (1) and (2). It is worth
noting that the spontaneous emission coupling coefficient
β has already been introduced in the class-A laser master
equation in a few studies [1, 15, 25], but they are slightly
different from ours. When β is sufficiently low, all these
master equations coincide with ours.
Although the direct numerical integration of Eq. (16)
is not computationally tough, we start from an analytical
photon distribution. Let us consider the steady state
p˙n = 0. The detailed balance condition (See Fig. 2)
leads to
−γcnpssn +
βnP
β(n− 1) + 1p
ss
n−1 = 0, (18)
where pssn denotes the photon distribution in a steady
state. From this equation, pssn is derived as
pssn = p
ss
0
n∏
k=1
P˜
k − 1 + 1/β
= Z−1
(1/β − 1)!
(n+ 1/β − 1)! P˜
n. (19)
With the normalization condition
∑∞
n=0 p
ss
n = 1, the nor-
malization coefficient Z is given by
Z(= 1/pss0 ) =
∞∑
n=0
(1/β − 1)!
(n+ 1/β − 1)! P˜
n
= 1F1(1; 1/β; P˜ ), (20)
where 1F1 is the confluent hypergeometric function and
the factorial is defined in terms of the Gamma function
as x! = Γ(x + 1). One important character of Eq. (20)
is that the steady state photon distribution function pssn
depends only on two parameters: the spontaneous cou-
pling coefficient β and the normalized pump power P˜
(Eq. (8)).
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FIG. 3. (color online). Output photon number 〈nˆ〉 (a), the
second-order photon correlation at a zero time delay g(2)(0)
(b), and the Fano factor F (c) are analytically calculated as a
function of the normalized pump power P/Pth. Red, magenta,
blue, green, and yellow lines, respectively, represent β = 1,
0.5, 0.1, 0.01, and 0.001. (d) The low pump power limit of
g(2)(0) is shown as a function of β, which is given by Eq. (30).
For conventional low-β lasers where β  1, it is well
known that as the pump power increases, a low-β laser
exhibits a transition from the thermal photon statistics,
pssn → pss0
n∏
k=1
βP˜ =
[
1− (βP˜ )
]
(βP˜ )n (21)
to Poissonian (coherent) photon statistics [27],
pssn → e−P˜
P˜n
n!
. (22)
On the other hand, for β = 1, regardless of the pump
power, the probability distribution function pssn is given
as
pssn = e
−P˜ P˜
n
n!
for β = 1. (23)
Thus, class-A “laser” with β = 1 emits Poissonian light
at any pump rate. In fact, when β = 1, the class-A rate
equation takes a very simple form:
n˙ = −γcn+ P for β = 1, (24)
where the Poissonian noise of the pump directly converts
to photon statistics. Thus, the thresholdless (β = 1)
class-A laser is qualitatively different from conventional
lasers. Practically, this regime is very attractive because
Poissonian light can be emitted with an arbitrary low
pump power. However, we again stress the difficulties of
the experimental realization discussed in Sec. II. D.
Now, we calculate various quantitieswith the photon
distribution pssn (Eq. (20)). In the beginning, the mean
photon number 〈nˆ〉 is given by
〈nˆ〉 =
∞∑
n=0
npssn
=
∞∑
n=1
(n+
1
β
− 1)pss0
( 1β − 1)!P˜n
(n+ 1β − 1)!
+(1− 1
β
)
∞∑
n=1
pss0
( 1β − 1)!P˜n
(n+ 1β − 1)!
= P˜ + (1− 1/β)(1− 1/Z), (25)
where we used the normalization condition
∑∞
n=1 p
ss
n =
1 and the fact that Z(= 1/pss0 ) is given by Eq. (20).
Similarly, the quantity 〈nˆ(nˆ− 1)〉 is calculated as
〈nˆ(nˆ− 1)〉 =
∞∑
n=2
(n− 1)npssn
= P˜ 2 + 2(1− 1/β)(1− pss0 )P˜
−(1/β)(1− 1/β)(1− pss0 − pss1 )
= P˜ 2 + (1− 1/β)(2− 1/Z)P˜
−(1/β)(1− 1/β)(1− 1/Z), (26)
where we used the relation pss1 = βp
ss
0 P˜ , which is inferred
from Eq. (19). With these values, the second-order pho-
ton correlation function with a zero time delay g(2)(0),
and the Fano factor F , respectively, are given by
g(2)(0) =
〈nˆ(nˆ− 1)〉
〈nˆ〉2 (27)
6and
F =
〈nˆ2〉 − 〈nˆ〉2
〈nˆ〉 = 1 + 〈nˆ〉
(
g(2)(0)− 1
)
. (28)
The Fano factor F is defined as the variance of the photon
number divided by the mean photon number. Therefore,
the Fano factor represents the amount of photon fluctu-
ation. Figure 3 (a), (b), and (c), respectively, show 〈n〉,
g(2)(0), and F as a function of normalized pump power
P/Pth. We note that the mean photon number 〈n〉 plot-
ted in Fig. 3 (a) slightly deviates from the result, Eq.
(7), particularly around the lasing threshold [28].
As we expect from the above discussion, Fig. 3 (b)
shows that a low-β laser with β=0.001 presents a clear
transition from thermal g(2)(0) = 2 to Poissonian photon
statistics g(2)(0) = 1 at the threshold P = Pth. Whereas,
for a thresholdless laser with β = 1, g(2)(0) is always
unity, g(2)(0) = 1, because it always emits Poissonian
light. When β is high but not unity, for example when
β = 0.5, g(2)(0) reaches a constant value between 1 and
2 at a low pump power limit (See the magenta line in
Fig. 3 (b)). To calculate g(2)(0) at a low pump power
limit P˜ → 0, we use a series expansion of the confluent
hypergeometric function
Z = 1F1(1; 1/β; P˜ ) =
∞∑
n=0
(1)n
(1/β)n
P˜n
= 1 + βP˜ +
β2
1 + β
P˜ 2 + . . . , (29)
where (x)n ≡ Γ(x+n)/Γ(x) is the Pochhammer symbol.
At the low pump power limit P˜ → 0, equations (25)-(27)
give rise to
g(2)(0) =
2β2
1+β P˜
2 +O(P˜ 3)
β2P˜ 2 +O(P˜ 3)
→ 2
1 + β
for P → 0. (30)
Figure 3 (e) shows the low pump power limit of g(2)(0)
as a function of β based on Eq. (30). It is clearly shown
that high-β lasers emit partially coherent (Poissonian)
light 1 < g(2)(0) < 2 at the low pump power limit.
In terms of the Fano factor F , Fig. 3 (b) shows that
a low-β laser with β = 0.001 (yellow line) has a sharp
peak at the threshold P = Pth, whereas a high-β laser
with β = 0.5 (purple line) does not. Furthermore, when
β = 1, the Fano factor (red line) is always unity (F = 1)
regardless of the pump power. The β dependent behavior
of the Fano factor is discussed later in the framework of
the laser-phase transition analogy.
B. Dynamic photon statistics
Next, we calculate the time delay dependence of the
second-order photon correlations g(2)(τ). For time inde-
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FIG. 4. (color online). (a) The delay dependent second-order
photon correlation functions g(2)(τ) for β = 0.01 and β = 0.5
are presented below (βP˜ = 0.1), at (βP˜ = 1), and above
(βP˜ = 5) the lasing threshold. (b) The damping times of
g(2)(τ) (b) are plotted as a function of the normalized pump
power P/Pth. The line colors mean the same as in Fig. 3. τc
is the photon lifetime defined as τc = 1/γc.
pendent systems, the time delay dependent second-order
correlation g(2)(τ) is defined as [29]
g(2)(τ) =
〈aˆ†(0)aˆ†(τ)aˆ(τ)aˆ(0)〉
〈aˆ†(0)aˆ(0)〉〈aˆ†(τ)aˆ(τ)〉)
= G(τ)/〈nˆ〉2. (31)
here, G(τ) is written as
G(τ) = tr{ρˆaˆ†(0)aˆ†(τ)aˆ(τ)aˆ(0)}
= tr{Uˆ(τ, 0)aˆρˆ(0)aˆ†Uˆ†(τ, 0)aˆ†aˆ}. (32)
Here, Uˆ(τ, 0) is a time evolution operator from time t = 0
to τ . If the single photon annihilation operation ρˆ(0)→
aˆρˆ(0)aˆ† at time t = 0 is interpreted as a perturbation
that drives the system out of equilibrium, the function
G(2)(τ) represents the relaxation process of a perturbed
system to an equilibrium state [30].
Figure 4 (a) shows the g(2)(τ) of the lasers with β =
0.01 and β = 0.5 for three different pump powers, namely
P/Pth=0.1, 1, and 5. These three pump powers corre-
spond to below, at, and above the threshold, respectively.
7As Fig. 4 (a) shows, g(2)(τ) decays monotonically decays
as the time delay τ increases. Therefore, g(2)(τ) is char-
acterized by g(2)(0) and the damping time τr as
g(2)(τ) ' 1 + (g(2)(0)− 1) exp (−|τ |/τr). (33)
This monotonous decay is in contrast to g(2)(τ) in class-B
lasers, where the damped oscillatory behavior of g(2)(τ)
originates from the relaxation oscillation [arxiv]. In Fig.
4 (b), we show damping time τr as a function of pump
power. For a low-β laser with β = 0.001, we find the
enhancement of τr at the threshold P = Pth. In terms
of the analogy between the second-order phase transi-
tion and lasing, the enhancement of τr at the threshold
is interpreted as the “critical slowing down” of the am-
plitude mode, that is, the dynamics of the system are
dramatically slowed at a critical point. Meanwhile, for
a high-β laser with β = 0.5, the damping time τr is al-
most constant and independent of the pump power. In
the next section, we argue that the suppression of the
critical slowing down in high-β lasers may be viewed as
a breakdown of the laser-phase transition analogy in a
“small” system. When β = 1, τr = τc will hold for any
pump power, but we cannot extract τr because g
(2)(τ)
becomes equal to one.
Finally, we comment on the striking similarity between
the Fano factor F and the damping time of the second-
order photon correlation τr (Compare Fig. 3 (c) and 4
(b)). This indicates that the amount of static fluctua-
tion F is closely connected to the damping time of the
photon fluctuation τr. We may intuitively interpret this
similarity as follows. At the lasing threshold of low-β
lasers, the accumulation of the photon fluctuation asso-
ciated with the long damping time τr will result in a large
Fano factor F . On the other hand, for high-β lasers, the
enhancement of the static fluctuation F does not occur
because the short τr does not allow photon fluctuation
to accumulate.
IV. COHERENCE
In the earlier sections, we investigated the photon sta-
tistical properties of class-A lasers based on the master
equation, Eq. (16), which represents the dynamics of the
diagonal part of the density matrix of the photons. Un-
fortunately, Eq. (16) does not provides information on
laser linewidth because linewidth (the first order coher-
ence) is associated with the off-diagonal part of the den-
sity matrix. Since a full density matrix is necessary, the
calculation of laser linewidth is a challenging task. One
approach is to directly simulate an ensemble of four-level
atoms that couples with cavity photons using the Lind-
blad type quantum master equations. However, these
simulations are computationally too demanding and still
limited to a few atoms due to a huge Liouville space. One
alternative approach might be to simulate the Heisenberg
a
b
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ra
γb
FIG. 5. (color online). Schematic of the Scully-Lamb quan-
tum theory of lasers. Two-level atoms are injected into a
cavity at a rate ra. The decay rates γa and γb represent
the damping times of the upper (a) and lower (b) levels, re-
spectively. A two-level atom interacts with photons with an
interaction strength g.
equations of motion of higher-order correlations with the
aid of the cluster expansion [10]. Here, instead, we em-
ploy the well-known master equation theory developed
by Scully and Lamb to describe masers [16, 24, 31]. Al-
though the Scully-Lamb model is very simple, it depicts
most of the important properties of lasing transition such
as the intensity jump, photon statistics, and linewidth.
In this section, we introduce the spontaneous coupling
coefficient β in the Scully-Lamb model.
A. Scully-Lamb quantum theory of lasers
Following [16], we briefly review the Scully-Lamb quan-
tum theory of lasers. Figure 5 shows a schematic of
the Scully-Lamb model. We consider two-level atoms
injected into a cavity at a rate ra. The injected atoms
interact with photons inside the cavity with a coupling
constant g. The decay rate of photons from the cavity is
represented by γc. The upper and lower level of the two
levels of atoms have decay rates of γa and γb, respectively.
The transverse relaxation rate of the two-level atoms γab
is assumed to be γab = (γa+γb)/2. Importantly, the life-
time of photons inside the cavity must be much longer
than the interaction time between the atoms and cavity
photons, which results in tracing out the atomic degree
of freedom (class-A condition). We returne to the de-
tailed requirements needed to satisfy this condition. For
simplicity, we assume a resonance between the atomic
transition and the cavity (zero detuning). With these as-
sumptions, in a coarse-grained time derivative, the non-
Lindbladian master equation of the photons on a photon
number basis is given by [16, 31]
8ρ˙n,n′ = −γc
2
(n+ n′)ρn,n′ + γc
√
(n+ 1)(n′ + 1)ρn+1,n′+1
− g
2γbγab(n+ 1 + n
′ + 1) + g4(n− n′)2
γaγbγ2ab + 2g
2γ2ab(n+ 1 + n
′ + 1) + g4(n− n′)2 raρn,n′
+
2g2γbγab
√
nn′
γaγbγ2ab + 2g
2γ2ab(n+ n
′) + g4(n− n′)2 raρn−1,n′−1. (34)
The diagonal part of the density matrix n = n′ reads
ρ˙n,n = −γcnρn,n + γc(n+ 1)ρn+1,n+1
− 2g
2γbγab(n+ 1)
γaγbγab + 4g2γ2ab(n+ 1)
raρn,n
+
2g2γbγabn
γaγbγab + 4g2γ2abn
raρn−1,n−1. (35)
In order to introduce β, comparing Eq. (35) and (16), we
attempt to determine the coefficients in the full master
equation (34) so that the diagonal part of Eq. (34) repro-
duces the pump-input and light-output curve predicted
by the rate equations. We notice that by introducing a
spontaneous coupling coefficient β as
β =
4g2/γb
γa + 4g2/γb
(36)
and rewriting the pump rate as
ra =
2γab
γb
P, (37)
Eq. (35) is reduced to Eq. (16). It is worth noting
that the first line on the RHS of Eq. (34) represents the
conventional Lindblad-type photon decay term, which is
based on a second-order system-reservoir interaction and
the Markov approximation. On the other hand, the sec-
ond and third lines on the RHS of Eq. (34) have an infi-
nite order of interaction between the atomic reservoir and
the photons [32, 33], which is inferred from the fact that
the coupling constant g is present in the denominator.
Unlike the Lindblad form, the operator representation of
Eq. (34) is not known [34].
Moreover, comparing Eq. (4) and (36), We notice that
the decay rate of the upper level γa is analogous to γA.
Namely, γa represents the decay rate of the upper-level
population into non-lasing modes. To consider the con-
ditions required for the Scully-Lamb model, we introduce
the effective decay rate of the upper level population de-
fined as
γeff = γa +
4g2
γc + γab
. (38)
This effective decay rate is analogous to γ‖ in the rate
equation approach and can be derived by using the
Jaynes-Cummings model with dephasing [21]. The sec-
ond part of the RHS of Eq. (38) represents the Purcell
enhancement of the population decay. Since the Scully-
Lamb model assumes a weak coupling condition and that
the atom dynamics are much faster than the photon dy-
namics, the required conditions are
γeff  γc. (class-A limit). (39)
and
γab > g (weak coupling). (40)
First, we consider the conditions required for threshold-
less lasing β = 1, which is realized by setting γa = 0.
Since γa = 0, the upper level population decays only
through the cavity via the atom-photon interaction g.
Taking γab = γb/2 into account and assuming γc  γab =
γb/2, the effective decay rate of the upper level popula-
tion γeff ' 8g2/γb holds. Thus, the two conditions Eq
(39) and (40) can be summarized as
γ2b > g
2  γcγb for β = 1, (41)
which is analogous to Eq. (14).
In the following simulations, we use fixed values γc =
0.0001g and γb = 10g, which satisfy Eq. (41) for β =
1. Furthermore, in the simulations of the Scully-Lamb
model, we vary β by changing the value of γa. From Eq.
(36), γa is determined by β as
γa =
(
4g2
γb
)
1− β
β
. (42)
For a β lower than unity (β < 1), the two conditions,
Eq (39) and (40), are automatically satisfied because of
the increase of γeff and γab. It is also important to note
that β does not uniquely determine the off-diagonal part
of the full Scully-Lamb equation (34), which is in stark
contrast to the master equation of the diagonal part [Eq.
(16)]
B. Steady state
First, let us discuss the steady state property of the
Scully-Lamb master equation. The diagonal part of the
Scully-Lamb master equation Eq. (35) is the closed equa-
tion of motion and has the same form as the birth-death
master equation Eq. (16). Therefore, if the initial state
is the vacuum state ρˆini = |0〉〈0|, the steady state density
9matrix should have non-zero values only in the diagonal
parts. Based on the discussion in Sec. III, the steady
state density operator will be given by
ρˆss =
∞∑
n=0
pssn |n〉〈n|, (43)
where the pssn is the steady state probability distribution
given analytically by Eq. (19). Even if the density matrix
of the initial state has finite off-diagonal parts, they decay
in time [35]. At a glance, the zero off-diagonal elements
of the steady state density matrix are0 counter-intuitive
because the steady state has no fixed phase. However,
since the master equation, Eq. (34), is U(1) symmet-
ric and does not have a preferred phase [36], this conse-
quence is natural. More specifically, far above the lasing
threshold (P  Pth), since pssn becomes Poissonian, the
steady state density matrix is written as
ρˆss =
∞∑
n=0
e−n¯
n¯n
n!
|n〉〈n| =
∫ pi
pi
dθ
2pi
||α|eiθ〉〈|α|eiθ|, (44)
where ||α|eiθ〉 = |α〉 = e−|α|/2∑∞n=0 αn/√n!|n〉 is the co-
herent state with |α|2 = P˜ . Equation eq:mix is a mixed
state of coherent state with phases varying from 0 to 2pi
and has phase symmetry (U(1) gauge symmetry). Thus,
without a symmetry breaking field, the Scully-Lamb mas-
ter equation does not give rise to spontaneous symmetry
breaking. However, later, we will show that in the “ther-
modynamic limit”, β → 0, a symmetry broken state will
degenerate with the symmetric steady state (Eq. (43))
from the standpoint of the Liouvillian gap.
C. Linewidth
Here, we try to calculate the laser linewidth based on
the Scully-Lamb master equation. We skip the discussion
of the photon statistical properties of the Scully-Lamb
model because they are the same as in Figs. 3 and 4.
With the Wiener-Khintchine theorem, a spectral func-
tion S(ν) is given by [28]
S(ν) =
∫ ∞
0
G(1)(τ)e−ντdτ,
where G(1)(τ) is the first order photon correlation func-
tion defined as [35]
G(1)(τ) = 〈aˆ†(τ)aˆ(0)〉 = tr{ρˆaˆ†(τ)aˆ(0)}
= tr{Uˆ(τ, 0)aˆρˆ(0)Uˆ†(τ, 0)aˆ†} (45)
Therefore, the decay rate of the first-order photon cor-
relation function represents the laser linewidth. As with
the second-order photon correlation, the operator aˆ(0)
collapses the density matrix as ρ(0) → aˆρ(0) at time
t = 0. Then, after the time evolution described with the
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FIG. 6. (color online). Laser linewidth with different β as a
function of normalized pump power P/Pth. The line colors
mean the same as in Fig. 3. The parameters used for the
simulations are γc = 0.0001g, and γb = 10g. γa is changed
with Eq. (42). (b) and (c) are the laser linewidths for β = 0.01
and 1, respectively. The horizontal dotted lines represent the
low- and high-power limits of the laser linewidth given by Eq.
(50) and (52).
master equation, Eq. (34), the next operation with aˆ†
occurs at t = τ .
In general, the simulation of the master equation, Eq.
(34), with an N photon basis requires the integration
of N × N coupled equations, which is computationally
tough, but two important properties greatly reduce the
dimension N×N to the order of N . The first property is
the diagonal density matrix in the steady state. Taking
Eq. (43) into account, the operation at t = 0 is expressed
as
ρˆ(0)→ aˆρˆ(0) =
∑
n
√
npssn |n− 1〉〈n| (46)
The second property is that the Scully-Lamb master
equation couples only elements parallel to the diagonal
elements, which leads to a closed set of equations for
10
ρn,n+1:
ρ˙n,n+1 = −γc
2
(2n+ 1)ρn,n+1
+γc
√
(n+ 1)(n+ 2)ρn+1,n+2
− g
2γbγab(2n+ 3) + g
4
γaγbγ2ab + 2g
2γab(2n+ 3) + g4
raρn,n+1
+
2g2γbγab
√
n(n+ 1)
γaγbγ2ab + 2g
2γ2ab(2n+ 1) + g
4
raρn−1,n.
(47)
The dynamics of the state aˆρˆ(0) follow Eq. (47). Since
Eq. (43) and (47) involve only an N photon basis rather
than an N × N density matrix, numerical simulations
of the first-order correlation G(1)(τ) are easy. The laser
linewidth ∆ν is obtained as the decay rate of the first-
order photon correlation: G(1)(τ) ' G(1)(0)e−∆ντ .
In Fig. 6 (a), we show numerically simulated laser
linewidth as a function of the normalized pump power
for four different β. Interestingly, even the thresholdless
laser with β = 1 has the linewidth narrowing (See the
red curve in Fig. 6 (a)). Therefore, we may prove “las-
ing transition” of class-A thresholdless lasers by measur-
ing the linewidth of emission. Fig. 6. (a) and (b) show
linewidths in a log-log scale as a function of the normal-
ized pump power P/Pth for β = 0.01 and 1, respectively.
They clearly show the linewidth decrease with increases
in pump power. Taking a close look at the variation of
the linewidth, we find that both in low (P → 0) and high
pump power limit (P → ∞), the linewidth asymptot-
ically approaches finite values. In order to understand
the behavior of linewidth in these two limits, we analyti-
cally calculate the off-diagonal part of the photon density
matrix following the discussion in [16]. We assume the
dynamics of ρn,n+1 as
ρn,n+1(t) = e
−Dn(t)ρn,n+1(0). (48)
In the lowest order, Dn(t) is approximated as Dn(t) =
µnt, where µn is given by
µn '
g2γbγab(2n+ 3) + g
4 − 2g2γbγab
√
(n+ 1)(n+ 2)
γaγbγ2ab + 2g
2γ2ab(2n+ 3) + g
4
ra
+
1
2
γc(2n+ 1)− γc
√
n(n+ 1). (49)
In the low pump power limit (ra → 0 and n→ 0), the first
part of Eq. (49) becomes negligible and µn approaches
γc/2, which leads to
∆ν → γc
2
for P → 0. (50)
Thus, far below the lasing threshold, the linewidth is
determined solely by the cavity Q value. Meanwhile, in
the high pump power limit (ra → ∞ and n → ∞), the
second part of Eq. (49) is negligible and the linewidth
behaves as
∆ν → g
2ra
4γ2ab〈n〉
(51)
→ g
2γc
2γabγb
for P →∞. (52)
To derive the last formula, we used Eq. (37) and the
relation 〈n〉 ' P˜ far above the lasing threshold. Eq.
(51) resembles the famous Schawlow-Townes linewidth
∆ν ∝ 〈n〉−1 [37], which indicates that the linewidth is
inversely proportional to the output photon number in
the high-pump power limit. However, we found that,
in the Scully-Lamb model, the linewidth narrowing is
limited, which could be due to the gain noise introduced
by the pump. The dashed lines in Fig. 6 are the low and
high pump power limits of the laser linewidth given by
Eq. (50) and (52).
V. LASER-PHASE TRANSITION ANALOGY
In this section, we discuss the “system size” character-
ized by β and the laser-phase transition analogy [38–40].
The relation between β and effective system size was first
discussed by Rice and Carmichael, but not in the class-
A limit. We note that this relation becomes clear in the
class-A limit. As far as the amplitude mode is concerned,
the system size of a class-A laser is uniquely character-
ized by β. On the other hand, with class-B lasers, both
β and the ratio γc/γ‖ will affect photon statistics. For
instance, when γc/γ‖  1, even in a thresholdless laser
where β = 1, the photon statistics change from thermal
to Poissonian with an increase in pump power.
As explained in [8, 41], the effective “system size” for
nonlinear photonic systems is associated with the photon
number required to activate nonlinearity. In our system,
the number of photons at the lasing threshold P = Pth
is given by nth = β
−1/2 [3, 8, 9]. The number nth could
be interpreted as the photon number required to activate
the nonlinearity of the system, and thus the “system size”
could be characterized by β−1/2. With this definition,
the “thermodynamic limit” where the “system size” is
infinite (nth → ∞) is the limit β → 0. In fact, in the
limit β  0, the nonlinearity is weak enough for the
perturbative expansion of the master equation, Eq. (16),
up to the second-order of β (4th order of g), which may
lead to a master equation [38]:
p˙n = −γcnpn + γc(n+ 1)pn+1
− [A−B(n+ 1)] (n+ 1)pn + [A−Bn]npn−1,
(53)
where A ≡ βP/(1 − β) ' βP and B ≡ β2P/(1 − β)2 '
β2P represents gain and saturation coefficients, respec-
tively. In this regime, we can find a clear analogy between
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lasing and the second-order phase transition. For exam-
ple, the “Ginzburg-Landau free energy” can be defined
in terms of the Glauber’s P representation [38].
F (E) =
1
4
(A− γc)|α|2 + 1
8
B|α|4, (54)
where α is the eigenvalue of the coherent state |α〉. On
the other hand, when β approaches unity β → 1, the
perturbative expansion of the master equation fails be-
cause the nonlinearity is too strong and all higher-order
atom-photon interactions must be considered. In this
sense, high-β lasers are operating in a non-perturbative
regime and the master equation Eq. (16) and Eq. (34)
are the non-perturbative models that implicitly include
all higher-order atom-photon interactions. In fact, we
have already seen the suppression of the critical slowing
down of τr in the small size limit β → 1 (See Fig. 4 (b)),
which is one of the signatures of the breakdown of the
phase transition in the amplitude mode (diagonal part of
the density matrix).
It is insufficient to discuss the laser-phase transition
analogy and the “system size” solely from the standpoint
of the amplitude mode because lasers also have a phase
degree of freedom. To discuss the laser-phase transition
analogy in terms of both amplitude and phase mode (off-
diagonal part of the density matrix), we need to analyze
the full density matrix Eq. (34). For the analysis, we
employ the Liouvillian gap and the Liouvillian spectrum
theory, which clarify the nature of the dissipative phase
transition with continuous phase symmetry.
A. Liouvillian gap
We investigate the Liouvillian gap of the Scully-Lamb
master equation of class-A lasers. It is known that the
Liouvillian gap plays a central role in dissipative quantum
phase transitions [42–44]. Thus, the Liouvillian gap is
currently being investigated in a wide variety of open
quantum systems including spin [42, 45] and nonlinear
optical systems [30, 44, 46, 47].
In general, a quantum master equation is written as
d
dt
ρˆ = Lˆρˆ, (55)
where Lˆ is called a Liouvillian. We calculate the eigenval-
ues of the Liouvillian λi that satisfies Lˆρˆi = λiρˆi. Here,
we sort the eigenvalues as |Re[λ0]| < |Re[λ1]| < . . . <
|Re[λi]|. The zero eigenvalue λ0 = 0 and eigenmatrix ρˆ0
correspond to the steady state solution Lˆρˆ0 = λ0ρˆ0 = 0,
thus ρˆ0 = 0 represents the steady state density matrix.
The Liouvillian gap is defined as −Re[λ1], which is the
smallest decay rate of the system. It is called the criti-
cal decay rate [17]. A dissipative phase transition occurs
when the Liouvillian gap closes in a thermodynamic limit
−Re[λ1]→ 0. We also note that the trace of eigenmatrix
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FIG. 7. (color online). Liouvillian gap Re[−λ1] for different
β values as a function of the normalized pump power P/Pth
with the same physical parameters as in Fig. 6. The line
colors mean the same as in Fig. 3. For β = 0.1, 0.01, 0.001,
calculations are not performed for high pump powers where
the Liouvillian space is too large for computation. The plots
overlap those of Fig. 6 (a).
ρˆi for i > 0 is not generally unity: Trρˆi(i>0) 6= 1, thus ρˆi
for i > 0 is not a conventional density matrix.
The matrix elements of the Liouvillian of the Scully-
Lamb master equation are given by Eq. (34) in the
photon number basis. In the rotating frame of the cav-
ity frequency, the eigenvalues of the Liouvillian of the
Scully-Lamb master equation are real Im[λi] = 0. First,
the eigenmatrix ρˆ0 associated with the zero eigenvalue
λ0(= 0) represents the steady state: ρˆ0 = ρˆ
ss, where
ρˆss is given by Eq. (43). Second, in Fig. 7, we show
the Liouvillian gap −Re[λ1](= −λ1) as a function of the
normalized pump power for five different β values. Inter-
estingly, comparing Fig. 6 (a) and 7, we find a striking
similarity between the laser linewidth and the Liouvil-
lian gap. Actually, the Liouvillian gap shown in Fig. 7
overlaps the laser linewidth presented in Fig. 6 (a). The
coincidence of the Liouvillian gap and laser linewidth can
be intuitively understood as follows. Since the Liouvillian
gap represents the longest relaxation rate of the system
(the critical decay rate), in our system, it corresponds
to the phase diffusion process that is associated with the
linewidth.
Assuming that the Liouvillian gap of the Scully-Lamb
master equation behaves in the same way as the laser
linewidth, we predict that, in the “thermodynamic limit”
β → 0 (nsat →∞), the Liouvillian gap will drop sharply
to zero at the lasing threshold P = Pth and remain closed
in the entire region above the threshold. This is in strik-
ing contrast to the Liouvillian gap of the “first-order
phase transition” induced by the Kerr nonlinearity and
coherent pumping, where the Liouvillian gap has its min-
imum value around the critical point [42, 44]. We argue
that these behaviors could be understood as the Liou-
villian gap of a second-order dissipative phase transition
with “broken” symmetries, which was recently studied by
Minganti [17]. For instance, the closure of the Liouvillian
gap of the “ordered phase” in the thermodynamic limit is
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FIG. 8. (color online). (a,b) Liouvillian eigenvalue spectra. Liouvillian eigenvalue ∆0,i (b,f), ∆1,i (c,g), and ∆2,i (d,h). (a-d)
and (e-h) are shown respectively for β = 0.1 and 1. The parameters are the same as in Fig. 6. The three different colors
represent the symmetry sectors ∆0,i, ∆1,i, and ∆2,i. The many gray curves in (a) and (e) belong to the symmetry sector ∆ν,i
with ν ≥ 3.
predicted in [17], where a second-order phase transition
with discrete Zn symmetry (invariant under a rotation
of 2pi/n degrees) is considered. As we discussed, the Li-
ouvillian associated with the master equation Eq. (34)
has phase symmetry (continuous U(1) gauge symmetry)
[40]. Since ρˆ0 = ρˆ
ss =
∑
n p
ss
n |n〉〈n| holds, the eigen-
matrix ρˆ0 also has phase symmetry. On the other hand,
as we find later, the continuous phase symmetry is bro-
ken in the other eigenmatrix ρˆi(i > 1). The closure of
the Liouvillian gap in the “thermodynamic limit” indi-
cates that these two eigenmatrices ρˆ0 and ρˆ1 may degen-
erate in the ordered phase (above the lasing threshold):
−Re[λ1]→ −Re[λ0](= 0).
B. Liouvillian eigenvalue spectrum and symmetry
breaking
Now, we discuss the eigenvalue spectrum of the Liou-
villian of the Scully-Lamb master equation. Figure 8 (a)
and (e) show several of the smallest eigenvalues of the
Liouvillian for β = 0.1 and β = 1, respectively. Even
though the spectra of the eigenvalues appear very com-
plicated, we found that they can be classified taking the
symmetry of the Liouvillian into account. As we men-
tioned earlier, the Scully-Lamb master equation couples
only the density matrix elements parallel to the diagonal
part. Therefore, the Scully-Lamb master equation Eq.
(34) can also be written as
ρ˙n,n+ν =
∞∑
m=0
M (ν)n,mρm,m+ν for ν = 0, 1, 2, · · · , (56)
which can be extended to the other triangle of the density
matrix as
ρ˙n−ν,n =
∞∑
m=0
M (ν)n,mρm−ν,m for ν = −1,−2, · · · .(57)
Here, we define the ith eigenvalue of the matrix M (ν) as
∆ν,i (i = 0, 1, 2 . . .), where the eigenvalues are sorted as
|Re[∆ν,0]| < |Re[∆ν,1]| < . . . < |Re[∆ν,i]|. Here, ∆ν,0 =
0, Re[∆−ν,i] = Re[∆ν,i], and Im[∆−ν,i] = −Im[∆ν,i]
holds. Since we are using the rotating frame of the cavity
frequency, the eigenvalue ∆ν,i is real: Im[∆ν,i] = 0. The
Liouvillian eigenvalue spectrum shown in Fig. 8 (a,e) are
composed of ∆ν,i with all possible combination of the
index ν and i. The ranges of two indexes ν and i are
ν = −∞· · ·∞ and i = 0 · · ·∞, respectively.
First, let us consider the case for ν = 0, which is as-
sociated with the diagonal part of the density matrix
and represents the amplitude mode. The master equa-
tion for ν = 0: ρ˙n,n =
∑∞
m=0M
(0)
n,mρm,m is equivalent to
the birth-death master equation given by Eq. (16) and
(35). Figure 8 (b) and (f) show several smallest eigen-
values −Re[∆0,i]. Since −Re[∆0,1], which is the smallest
nonzero eigenvalue of M (0), represents the critical decay
of the amplitude mode, −Re[∆0,1] approximately coin-
cides with the decay rate of g(2)(τ): −Re[∆0,1] ' γr.
Therefore, −Re[∆0,1] shown in Fig. 8 (b,f) is approx-
imately the same as the inverse of τr shown in Fig. 4
(b). For β = 0.1, −Re[∆0,1] ' γr has a minimum value
around the lasing threshold, which corresponds to a max-
imum damping time of g(2)(τ) (See the peak in Fig. 4
(b)). Whereas, for β = 1, as we explained in Sec. III,
−Re[∆0,1] = γc for any pump power.
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Second, the master equation for ν 6= 0 is associated
with the phase mode. First, the master equation for ν =
1, namely ρ˙n,n+1 =
∑∞
m=0M
(1)
n,mρm,m+1, is equivalent to
Eq. (47). Thus, the eigenvalue −Re[∆1,1] represents the
laser linewidth ∆ν (or the decay rate of g(1)(τ)). Further-
more, since−Re[∆1,1] is the smallest non-zero real part of
the eigenvalues of the Scully-Lamb Liouvillian, −Re[∆1,1]
is equal to the Liouvillian gap: −Re[∆1,1] = −Re[λ1].
We note that, since −Re[∆1,1] = −Re[∆−1,1], the Liou-
villian gap −Re[λ1] has two-fold degeneration, which in-
tuitively represents the clockwise and counter-clockwise
directions of the phase diffusion. For any β, −Re[∆1,0]
starts from γc/2 and decreases with increases in pump
power and reaches the value g2γc/(2γabγb) in the high
pump power limit (See Eq. (52)).
Finally, we show the eigenvalue −Re[∆2,i] in Fig. 8
(d,h), which behaves in a similar manner to −Re[∆1,i].
Applying the same argument of Eqs (48)-(52)) to the
master equation for ν = 2, we find that −Re[∆2,1] starts
from γc (P → 0) and reaches 2g2γc/(γabγb) in the high
pump power limit (P → ∞). In general, for a nonzero
integer ν, the eigenvalue −Re[∆ν,1] follows as
−Re[∆ν 6=0,1]→ γc
2
|ν| for P → 0 (58)
and
−Re[∆ν 6=0,1]→ g
2ra
4γ2ab〈n〉
ν2 → g
2γc
2γabγb
ν2 for P →∞,
(59)
which are derived in the same way as Eqs. (48)-(52).
In summary, the Liouvillian eigenvalue spectrum con-
tains the information on both the amplitude (∆0,i) and
phase mode (∆ν 6=0,i). The eigenvalues ∆0,1 and ∆1,1,
respectively, represent the decay rates of g(2)(τ) and
g(1)(τ). Furthermore, in terms of symmetry, the eigen-
matrix of the Liouvillian associated with nonzero ν has
Z|ν| symmetry, which can be proved in the following way.
First, for simplicity, we consider positive nonzero ν. We
introduce the ith eigenmatrix of the Liouvillian for ν as
ρˆ
(ν)
i =
∞∑
n=0
cν,in |n〉〈n+ ν|, (60)
where the coefficients cν,in satisfy the eigenvalue equation:
∞∑
m=0
M (ν)n,mc
ν,i
m = ∆ν,ic
ν,i
n . (61)
This eigenmatrix of the Liouvillian ρˆ
(ν)
i will also be writ-
ten as
ρˆ
(ν)
i = (aˆ)
ν ρˆdiag, (62)
where ρˆdiag =
∑∞
n an|n〉〈n| is a diagonal matrix. Impor-
tantly, we can always find the coefficient an to satisfy Eq.
(62). Now let us consider the phase rotation (the global
U(1) gauge transformation) aˆ → aˆeiθ. Importantly, the
matrix ρˆdiag has phase symmetry and is invariant under
phase rotation. Therefore, it is clear that ρˆ
(ν)
i is trans-
formed as ρˆ
(ν)
i → aˆeiνθρˆ(ν)i , which indicates that ρˆ(ν)i
does not have continuous phase symmetry (U(1)) but is
invariant under a phase rotation of 2pi/ν degrees: Zν
symmetry. The same discussion is applied to a negative
nonzero ν and we find that ρˆ
(ν)
i has Z|ν| symmetry. In
fact, Eq. (56) and (57) correspond to the decomposi-
tion of the Liouvillian according to the symmetry sector
described in Ref. [17]. Furthermore, we point out that
the eigenvalue ∆ν,i is analogous to the eigenvalue of the
Fokker-Planck equation for low-β lasers as intensively in-
vestigated by Risken and Vollmer [48–50] and Lax and
Louisell [51]. As with ν and i, in the Fokker-Planck equa-
tion in the polar coordinate, the eigenvalue has two in-
dices that correspond to the phase and the radial degrees
of freedom. Therefore, the similar discussion may be pos-
sible based on the Fokker-Plank equation approach, but
only for low-β lasers because these approaches usually as-
sume the fourth-perturbation of the system-environment
interaction.
Finally, we comment on “symmetry breaking” from
the standpoint of the Liouvillian spectrum. Since the
“thermodynamic limit” β → 0 is achieved with γa →∞
or g → 0 (See Eq. (36)), Eq. (59) indicates that, for
nonzero ν, the Liouvillian eigenvalue −Re[∆ν 6=0,1] be-
haves as −Re[∆ν 6=0,1]→ 0 in the high pump power limit.
Furthermore, assuming that the Liouvillian eigenvalue
−Re[∆ν 6=0,1] will behave in the same way as the linewidth
shown in Fig. 6, we expect the following:
−Re[∆ν 6=0,1]→ 0 for P > Pth and β → 0. (63)
Recalling that the Liouvillian eigenvalue −Re[∆ν 6=0,1]
represents the critical decay rate of the eigenmatrix
ρˆ
(ν 6=0)
1 into the steady state ρˆ0(= ρˆ
ss), −Re[∆ν 6=0,1]→ 0
indicates that the state ρˆ
(ν)
1 does not decay into the
steady state. Here, the steady state ρ0 has the U(1)
symmetry, whereas the state ρˆ
(ν)
1 has only Z|ν| symme-
try. Thus, −Re[∆ν,1] → 0 means that once U(1) sym-
metry is broken and a Z|ν| symmetric state is realized
by an infinitesimal symmetry breaking perturbation, the
U(1) symmetry is not recovered with a finite time. In
this sense, −Re[∆ν,1] = 0 could be interpreted as the
“symmetry breaking” in the ordered phase (P > Pth) of
lasers in the “thermodynamic limit” β → 0.
VII. CONCLUSION
We investigated the photon statistical properties of
low- and high-β lasers in the class-A limit based on a
master equations approach. While the spontaneous emis-
sion coupling coefficient β is commonly used in class-B
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lasers to represent the fraction of photons spontaneously
emitted into a lasing mode, it is rarely discussed in re-
lation to class-A lasers, where only the photon degree of
freedom is important because the photon lifetime is much
longer than the other lifetimes. Our main results can be
summarized as the following four points.
(1) We demonstrated that, in the class-A limit, the
spontaneous emission coupling coefficient β is a well-
defined parameter that uniquely characterizes both static
and dynamic photon statistics. The relationship between
β and “system size” is much simpler in the class-A limit
than in class-B lasers.
(2) As a consequence of the “small system size”,
thresholdless class-A lasers with β = 1 do not exhibit any
phase transition-like behavior in photon statistics. Both
the Fano factor and the damping time of the second-
order photon correlation are constants and independent
of pump power.
(3) We studied the laser linewidth of high-β class-A
lasers using the well-known Scully-Lamb quantum theory
of lasers. We demonstrated that even class-A threshold-
less lasers display the linewidth narrowing with increases
in pump power.
(4) Finally, we discussed the laser-phase transition
analogy with the Liouvillian structure of the Scully-Lamb
master equation. We demonstrated that the Liouvillian
gap of the Scully-Lamb master equation agrees with its
linewidth, which might be understood in the framework
of a second-order phase transition with continuous phase
symmetry (U(1) symmetry).
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APPENDIX: IMPACTS OF THE PHOTON AND
CARRIER LIFETIME RATIO AND THE
LOWER-LEVEL POPULATION
In this appendix, with the aid of numerical simulations
of the photon-carrier master equation, we reexamine the
class-A condition [See Eq. (11)] and discuss the effect
of the finite population of the lower-level. For this pur-
pose, we employ the master equation derived by Rice and
Carmichael [8], which includes the photon n and carrier
degrees of freedom N and the carrier transparency num-
ber N0. These simulations clarify how our results are
related to preceding studies on photon statistics of high-
β lasers.
As we have mentioned in Section III. D, the effect
of the finite lower-level population is effectively intro-
duced in the class-B rate equations Eqs. (1) and (2)
by replacing the stimulated emission term βγ‖nN with
βγ‖n(N−N0). In semiconductor lasers, N0 is referred to
as “carrier transparency number”, which represents the
upper-level population required to achieve population in-
version. Now, the class-B rate equation with the carrier
transparency number reads:
n˙ = −γcn+ βγ‖N + βγ‖(N −N0)n (64)
N˙ = −γ‖N − βγ‖(N −N0)n+ P, (65)
Defining new parameters ξ and β˜ respectively as [7, 26]
ξ = β
(
γ‖
γc
)
N0 and β˜ =
β
ξ(1− β) + 1 , (66)
the steady state photon n¯ and carrier number N¯ of the
rate equations (64) and (65) are given by
n¯ =
1
2β˜
[
−(1− β˜P˜ ) +
√
(1− β˜P˜ )2 + 4β˜2P˜
]
(67)
and
N¯ =
(
γc
γ‖
)
ξn¯+ P˜
1 + βn¯
(68)
Now, the definition of the lasing threshold is not unique.
One of lasing thresholds is “kink threshold” P kinkth defined
as the jump of the pump-input and light output curve,
which is given by
P kinkth = γc/β˜. (69)
Lasing thresholds and photon statistics with the presence
of N0 are discussed in Ref. [26].
The master equation associated to these rate equations
is given by [8, 26]
p˙n,N = −γc [npn,N − (n+ 1)pn+1,N ]
−βγ‖ [(n+ 1)Npn,N − n(N + 1)pn−1,N+1]
−(1− β)γ‖ [Npn,N − (N + 1)pn,N+1]
−βγ‖N0 [npn,N − (n+ 1)pn+1,N−1]
−P [pn,N − pn,N−1] , (70)
where pn,N (t) is the probability to find n photons N car-
riers in the system at time t. Due to the lack of the
detailed balance condition, the steady state of the mas-
ter equation (70) can not be obtained analytically. Thus,
we perform a direct numerical integration of the master
equation (70). Figure 9 (a) and (b) are numerical simula-
tions with a zero carrier transparency number (N0 = 0)
but for various ratios of the photon and population in-
version (carrier) lifetime [(a) and (b) are respectively for
β = 1 and 0.5].
First, we consider the case for N0 = 0 and investigate
how the ratio of the photon and carrier lifetimes (γ‖/γc)
affects photon statistics. When the photon lifetime is
significantly shorter than the carrier lifetime (class-B
regime), g(2)(0) exhibits a transition from the thermal
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FIG. 9. (color online). Carrier photon number, second-order photon correlation g(2)(0), and output photon number are
displayed as a function of the normalized pump power βP˜/γc. While (a) and (b) are simulations with N0 = 0 but for various
ratios γ‖/γc, (c) and (d) are simulations with a fixed ratio γ‖/γc = 0.01 but for various N0. The spontaneous emission coupling
coefficient β is unity for (a) and (c), while β = 0.5 for (b) and (d). The dashed curves are analytical results based on Eq. (19).
[g(2)(0) = 2] to the Poissonian [g(2)(0) = 1]. Surprisingly,
Fig. 9 (a) and (b) show that g(2)(0) for the γ‖/γc = 10
are very close to the analytical results of the class-A
limit (See dashed lines). Furthermore, for the ratio,
γ‖/γc = 100, the simulated g(2)(0) overlap with the red
dashed lines. Therefore, the numerical simulations indi-
cates that the photon lifetime one order magnitude larger
than the carrier lifetime might be enough to achieve the
class-A limit, which dramatically relaxes the condition
[Eq. (11)].
Second, we introduce a finite carrier transparency
number (N0 6= 0) in Fig. 9 (b) and (c), which display
simulations for various finite carrier transparency num-
bers with a fixed ratio of photon and carrier decay rate
γc/γ‖ = 0.01. Figure 9 (b) and (c) are respectively for
β = 1 and 0.5. We find that even a small finite N0
breaks the Poissonian emission at low pump power. For
example, when N0 = 10, the emission is clearly thermal
(g(2)(0) > 1) at low pump power. For β = 1, comparing
Fig. 9 (a) and (c), we find the striking similarity be-
tween two sets of figures. This similarity originates from
the fact that N0 effectively enhances the photon decay
rate as γc → γeffc = γc + βγ‖N0, where γeffc is an effective
photon decay rate. Meanwhile, for β = 0.5(< 1) [See
Fig. 9 (d)], the impact of N0 is not only the effective en-
hancement of the photon decay rate but also the effective
decrease of the β as β → β˜(< β). Thus, in the photon
number of Fig. 9 (d), we find that even a small N0 gives
rise to a clear kink in the pump-input and light-output
curve.
Finally, we briefly comment on N0 in the case of an en-
semble of two-level atoms, which is often employed in full
quantum theory of lasers. For Ntot two-level atoms, using
the collective atomic spin representation [52], the “spin
number” 〈Jˆz〉 is given by 〈Jˆz〉 = −NA2 ,−NA2 +1, · · · , NA2 .
This collective atomic spin number 〈Jˆz〉 represents an ex-
citation degree of an ensemble of two-level atoms. For
a simpler interpretation, we rewrite as 〈Jˆz〉 → N − N0,
whereN ranges from 0 toNA andN0 = NA/2. Now, N is
understood as the carrier number introduced in the rate
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equations and the half of total atom number N0(= NA/2)
represents the carrier transparency number. As indicated
in Fig. 9, the Poissonian photon emission below the las-
ing threshold requires γeffc  γ‖ and βN0  1 at the
same time. The reason why the Poissonian emission at
low pump power was not observed even in the high-Q
limit in Ref. [14] is probably because the model assumes
an ensemble of two-level atoms and N0 is effectively fi-
nite.
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